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We employ the quark part of the symmetric energy-momentum tensor current to calculate the
transition gravitational form factors of the N(1535) → N by means of the light cone QCD sum
rule formalism. In numerical analysis, we use two different sets of the shape parameters in the
distribution amplitudes of the N(1535) baryon and the general form of the nucleon’s interpolating
current. It is seen that the momentum squared dependence of the gravitational form factors can
be well described by the p-pole fit function. The results obtained by using two sets of parameters
are found to be quite different from each other and the N(1535) → N transition gravitational form
factors depend highly on the shape parameters of the distribution amplitudes of the N(1535) state
that parameterize relative orbital angular momentum of the constituent quarks.
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I. INTRODUCTION
The form factors (FFs) are essential parameters to get
knowledge on the internal organization of the composit
particles at low energies. Using various FFs, one can
get important information on many quantities such as
size, shape, radius, electrical and magnetic charge distri-
butions, axial and tensor charges and other mechanical
and electromagnetical parameters of hadrons. The grav-
itational FFs (GFFs) or energy-momentum tensor FFs
(EMTFFs) are described by the help of the matrix ele-
ments of the symmetric energy-momentum tensor. Just,
as the Fourier transform of the electromagnetic form fac-
tors can be explicated with regards to the spatial distri-
bution of electrical charge and magnetization, the Fourier
transform of the gravitational form factors can be expli-
cated with regards to the spatial distribution of momen-
tum, energy and pressure etc. Hence, the investigation
of these FFs receives significant interest for comprehen-
sion of the internal structure of the nucleon. The GFFs of
the nucleon have been examined within different theoret-
ical models such as, chiral quark soliton model (χQSM)
[1–11], lattice QCD [12–19], light-cone QCD sum rules
(LCSR) [20, 21], Skyrme model [22, 23], chiral perturba-
tion theory (χPT) [24–29], Bag model [30], and, instant
and front form (IFF) [31]. Interested readers can find
more details about these studies in a recent review [32].
In this study, we calculate the transitional gravita-
tional form factors of N(1535) → N due to the energy-
momentum tensor current in the framework of the light-
cone QCD sum rule [33–35] using the general form of the
interpolating current of nucleon and distribution ampli-
tudes of N(1535) (Hereafter we will represent N(1535)
particle as N∗). The main advantage of this method is
that it is an analytical method and includes direct QCD
parameters. The method involves a two-stage approach.
First, the corresponding correlation function is calculated
in terms of the quark-gluon properties. Secondly, it is ob-
tained in terms of the hadron properties such as GFFs.
When calculating the quark-gluon properties, a connec-
tion is established between the low energy processes and
the QCD vacuum, which is expressed in terms of distri-
bution amplitudes. In this approach, the hadrons are
represented by interpolating currents carrying the same
quantum number as the hadrons. These interpolating
currents are inserted into the correlation function and the
short (perturbative) and long distance (nonperturbative)
interactions are separated using the operator product ex-
pansion (OPE). The hadronic and OPE representations
of the same correlation function are then matched. To
suppress the unwanted contributions coming from the
higher states and continuum, the Borel transformation
and continuum subtraction supplied by the quark-hadron
duality assumption are applied. By choosing some inde-
pendent Lorentz structures from both sides of the resul-
tant equations the desired sum rules for the FFs are ob-
tained in terms of hadronic parameters as well as QCD
degrees of freedom. The light cone QCD sum rule ap-
proach has been suscesfully applied to calculate different
form factors of hadrons as well as the transition form
factors among baryons due to the electromagnetic, axial
and tensor currents at high Q2 (see e.g. [36–48]).
The presentation of the manuscript is organized as fol-
lows. In section II, we briefly discuss the formalism and
calculate the LCSR for the transition gravitational form
factors under investigation. In section III, we numeri-
cally analyze the N∗ → N transition GFFs. We fix the
auxiliary parameters entering the calculations according
to the standard prescriptions of the method. We also use
the wave functions and all the including parameters re-
cently available for the DAs of the N∗ state to find the
Q2 behavior of the form factors in this section. Section
IV is dedicated to discussions on the results achieved for
GFFs. The distribution amplitudes of the N∗ state and
explicit expressions of the N∗ → N transition GFFs are
presented in the Appendices.
2II. FORMALISM
The following correlation function is used in the analyt-
ically calculations to compute the GFFs of the N∗ → N
transition by means of the LCSR:
Πµν(p, q) = i
∫
d4xeiqx〈0|T [JN (0)T
q
µν(x)]|N
∗(p)〉, (1)
where JN (0) is interpolating current of the nucleon, the
T qµν(x) is the quark part of the energy-momentum tensor
current and T is the time ordering operator.
The main goal in this section is to calculate the above-
mentioned correlation function in two different languages
and apply the prescriptions previously discussed. Thus,
the calculations of the hadronic and OPE (QCD) repre-
sentations of the correlation function are in order.
A. Hadronic representation of the correlation
function
We begin to compute the correlator with regards to
the hadronic degrees of freedom with the inclusion of the
physical features of the hadrons under examination. To
that end, we embed intermediate states of nucleon with
the same quantum number of JN (0) into the correlator.
As a result, we get
ΠHadµν (p, q) =
∑
s′
〈0|JN |N(p
′, s′)〉〈N(p′, s′)|T qµν |N
∗(p, s)〉
m2N − p
′2
+ ..., (2)
where the contributions coming from the higher states
and continuum are denoted by dots. The expression
shown in Eq. (2) can be more simplified by introduc-
ing the following matrix elements [32]:
〈0|JN |N(p
′, s′)〉 = λNuN (p
′, s′), (3)
〈N(p′, s′)|T qµν |N
∗(p, s)〉 = u¯N(p
′, s′)
[
AN
∗
−N (Q2)
P˜µP˜ν
2(mN∗ +mN )
+ iJN
∗
−N (Q2)
(P˜µσνρ + P˜νσµρ)∆
ρ
2(mN∗ +mN )
+ DN
∗
−N (Q2)
∆µ∆ν − gµν∆
2
2(mN∗ +mN )
+ c¯N
∗
−N (Q2)
mN∗ +mN
2
gµν
]
γ5uN∗(p, s), (4)
where λN is residue of the nucleon, P˜ = p
′+ p, ∆ = p′−
p, σµν =
i
2 [γµ, γν ] and Q
2 = −∆2. Here, AN
∗
−N (Q2),
JN
∗
−N(Q2), DN
∗
−N (Q2) and c¯N
∗
−N (Q2) are the GFFs.
Summation over spin of nucleon is carried out by∑
s′
uN (p
′, s′) u¯N (p
′, s′) = p/′ +mN . (5)
Substituting Eqs. (3)-(5) in Eq. (2), we achieve the
hadronic representation of the correlatoion function with
respect to the hadronic parameters as
ΠHadµν (p, q) =
λN
m2N − p
′2
(p/′ +mN )
[
AN
∗
−N (Q2)
P˜µP˜ν
2(mN∗ +mN )
+ iJN
∗
−N (Q2)
(P˜µσνρ + P˜νσµρ)∆
ρ
2(mN∗ +mN )
+ DN
∗
−N (Q2)
∆µ∆ν − gµν∆
2
2(mN∗ +mN )
+ c¯N
∗
−N (Q2)
mN∗ +mN
2
gµν
]
γ5uN∗(p, s). (6)
From the Eq. (6), we can decompose the hadronic side of the correlator in terms of different invariant functions
3and independent Lorentz structures:
ΠHadµν (p, q) = Π
Had
1 (Q
2) p′µp
′
νγ5 +Π
Had
2 (Q
2) p′µp
′
νq/γ5
+ΠHad3 (Q
2) gµνq/γ5 + Π
Had
4 (Q
2) gµνγ5
+ .... (7)
B. QCD representation of the correlation function
To achieve the expression of the correlator in terms
of the QCD parameters, the explicit forms for the inter-
polating currents of the JN (0) and T
q
µν(x) are needed.
These currents are defined by the following expressions
with respect to quark fields:
JN (0) = 2 ǫ
abc
[[
uaT (0)Cdb(0)
]
γ5u
c(0)
+ t
[
uaT (0)Cγ5d
b(0)
]
uc(0)
]
,
T qµν(x) =
i
2
[
u¯d(x)
←→
D µ(x)γνu
d(x)
+ d¯e(x)
←→
D µ(x)γνd
e(x) + (µ↔ ν)
]
, (8)
where the charge conjugation operator, arbitrary mixing
parameter; and color indices are denoted as C, t; and a,
b, c, d, e, respectively. The two-sides covariant derivative
is defined as
←→
D µ(x) =
1
2
[−→
Dµ(x)−
←−
Dµ(x)
]
, (9)
with
−→
Dµ(x) =
−→
∂ µ(x) + igAµ(x), (10)
←−
Dµ(x) =
←−
∂ µ(x)− igAµ(x), (11)
where Aµ is the gluon field. We neglect the gluon fields
contributions, i.e the gluonic part of the EMT since con-
sidering these contributions needs information of quark-
gluon mixed DAs of the N∗ state which unluckily are
not available. Therefore, in this work, we will take no-
tice of the quark part of the energy-momentum tensor
current in Eq. (8). We insert the interpolating currents
JN (0) and T
q
µν(x) into the correlator and carry out the
necessary contractions by the help of the Wick theorem.
Consequently, we obtain
ΠQCDµν (p, q) = −
∫
d4xeiqx
[{
(γ5)γδ Cαβ (
←→
D µ(x)γν)ωρ + t (I)γδ (Cγ5)αβ (
←→
D µ(x)γν)ωρ
+ (γ5)γδ Cαβ (
←→
D ν(x)γµ)ωρ + t (I)γδ (Cγ5)αβ (
←→
D ν(x)γµ)ωρ
}
×
{(
δασ δ
ρ
θδ
β
φSu(−x)δω + δ
δ
σδ
ρ
θδ
β
φSu(−x)αω
)
〈0|ǫabcuaσ(0)u
b
θ(x)d
c
φ(0)|N
∗(p)〉
+ δασ δ
δ
θδ
ρ
φSd(−x)βω 〈0|ǫ
abcuaσ(0)u
b
θ(0)d
c
φ(x)|N
∗(p)〉
}]
, (12)
where Sq(x) is propagator of the light q = u, d quarks
and it is identified as
Sq(x) =
1
2π2x2
(
i
x/
x2
−
mq
2
)
−
〈q¯q〉
12
(
1− i
mqx/
4
)
−
〈q¯σ.Gq〉
192
x2
(
1− i
mqx/
6
)
−
igs
32π2x2
Gµν(x)
[
/xσµν + σµν/x
]
. (13)
It should be noted here that we work on mq = 0
limit, therefore the terms proportional with quark mass
do not give any contribution. The terms proportional
with quark (〈q¯q〉) and mixed (〈q¯σ.Gq〉) condensates are
killed by performing Borel transformation. The con-
tributions coming from the terms corresponding to the
gluon strength field tensor (Gµν) are expected to be
small [49], which are relevant to the distribution am-
plitudes of four- and five-particles. Therefore, we can
neglect the contributions of these terms in calculations
as well. As a result, just the first term of the light
quark propagator contributes to our computations. The
〈0|ǫabcuaσ(a1x)u
b
θ(a2x)d
c
φ(a3x)|N
∗(p)〉 matrix element is
the expression containing the distribution amplitudes of
the N∗ state and it is required for further calculations.
The explicit form of this matrix element in terms of the
related DAs together with the explicit forms of DAs for
N∗ are given in the Appendix A. Using the distribution
4amplitudes of N∗ state and applying the integration over
x, the QCD representation of the correlation function is
acquired as
ΠQCDµν (p, q) = Π
QCD
1 (Q
2) p′µp
′
νγ5 +Π
QCD
2 (Q
2) p′µp
′
νq/γ5
+ΠQCD3 (Q
2) gµνq/γ5 +Π
QCD
4 (Q
2) gµνγ5
+ .... (14)
The explicit expressions of the ΠQCD1 (Q
2), ΠQCD2 (Q
2),
ΠQCD3 (Q
2) and ΠQCD4 (Q
2) are presented in the Ap-
pendix B.
C. Light-cone QCD sum rules for the N∗ → N
transition
The required light-cone QCD sum rules for the N∗ →
N transition GFFs are obtained by matching the co-
efficients of different Lorentz structures from both the
hadronic and QCD representations of the correlator.
We shall note that we employ the structures p′µp
′
νγ5,
p′µp
′
νq/γ5, qµqνq/γ5 and gµνγ5 to find the light-cone
QCD sum rules for the transition GFFs, AN
∗
−N (Q2),
JN
∗
−N(Q2), DN
∗
−N (Q2) and c¯N
∗
−N (Q2), respectively.
Hence,
λN
m2N − p
′2
AN
∗
−N(Q2) = −
mN +mN∗
2mN∗
ΠQCD1 (Q
2),
(15)
λN
m2N − p
′2
JN
∗
−N(Q2) =
mN +mN∗
2
ΠQCD2 (Q
2), (16)
λN
m2N − p
′2
DN
∗
−N(Q2) = −2(mN +mN∗)Π
QCD
3 (Q
2),
(17)
λN
m2N − p
′2
c¯N
∗
−N(Q2) = −
2
m2N∗
ΠQCD4 (Q
2). (18)
For the calculation of the N∗ → N transition GFFs the
residue of nucleon, λN is needed, as well. The residue of
the nucleon is determined from two point sum rules [42]:
λ2Ne
−
m
2
N
M2 =
M6
256π4
(5 + 2t+ t2)E2(z)−
〈q¯q〉2
6
×
{
6(1− t2)− (1− t)2 −
m20
4M2
[
12(1− t2)
− (1− t)2
]}
, (19)
where
z = s0/M
2,
and
En(z) = 1− e
−z
n∑
i=0
zi
i!
.
III. NUMERICAL RESULTS
This section is dedicated to the numerical analysis of
the N∗ → N transition GFFs. To this end we need
distribution amplitudes of N∗ state. The explicit ex-
pressions of these distribution amplitudes are given in
the Appendix A. For further calculations we need the
shape parameters of the distribution amplitudes of the
N∗ state, which are presented in Table I. Addition-
ally, we use: mN = 0.94 GeV, mN∗ = 1.51 ± 0.01
GeV [50], mq = 0, 〈q¯q〉 = (−0.24 ± 0.01)
3 GeV3 and
m20 = 0.8± 0.1 GeV
2 [51].
TABLE I: Numerical values of the shape parameters of the distribution amplitudes for the N∗ state at re-normalization scale
µ2 = 2.0 GeV2. Beside these values, we use λN1 mN = −3.88(2)(19) × 10
−2 GeV3 and λN
∗
2 mN∗ = 8.97(45)× 10
−2 GeV3, given
in Ref. [52] at re-normalization µ2 = 4.0 GeV2, by re-scaling to µ2 = 2.0 GeV2.
Model | λN
∗
1 /λ
N
1 | fN∗/λ
N∗
1 ϕ10 ϕ11 ϕ20 ϕ21 ϕ22 η10 η11
LCSR–1 0.633 0.027 0.36 −0.95 0 0 0 0 0.94
LCSR–2 0.633 0.027 0.37 −0.96 0 0 0 −0.29 0.23
The LCSR for the N∗ → N transition GFFs also in- clude some auxiliary parameters: the mixing parameter
5t, the continuum threshold s0 and the Borel mass param-
eter squareM2. The GFFs should not be affected by the
changes of these parameters much. Hence, we search for
working windows for these auxiliary parameters such that
in these working windows the GFFs relatively weakly de-
pend on these parameters. The mixing parameter t is
chosen such that, the estimation of the GFFs is indepen-
dent of the value of t in its working region. From the
numerical calculations, it is obtained that in the region
-0.2 ≤ cosθ ≤ -0.45 the GFFs weakly depend on t, where
tanθ = t. The working region for continuum threshold
s0 is acquired taking into account the fact that the GFFs
are almost insensitive with respect to its changes, as well.
We choose the s0 in the interval 2.5 GeV
2 ≤ s0 ≤ 3.0
GeV2. We use the following steps to achieve the working
interval for the Borel mass parameterM2. The lower cut-
off of M2 is obtained demanding that the perturbative
part exceeds the nonperturbative one and the series of
nonperturbative terms are convergent. The upper cutoff
of M2 is acquired by the condition that the contribu-
tions of higher states and continuum should be less than
the ground states contribution. These requirements are
both fulfilled when M2 varies in the interval 2.0 GeV2
≤M2 ≤ 3.5 GeV2.
In Figs. (1)-(3), we plot the dependence of the GFFs
AN
∗
−N (Q2), JN
∗
−N (Q2), DN
∗
−N (Q2) and c¯N
∗
−N (Q2)
on different parameters for the various values of the arbi-
trary mixing parameter t and other parameters in their
working regions for two sets of the distribution ampli-
tudes for the N∗ baryon. As it can be seen from Figs.
(1) and (2), the obtained values of the GFFs are ap-
proximately independent of the continuum threshold s0
and Borel mass parameter M2 on their working regions.
Therefore, for numerical calculations of the central values
of GFFs we will use the central values of the M2 and s0.
The LCSR method is reliable only Q2 > 1.0 GeV2. How-
ever, the mass corrections of the distribution amplitudes
∼ m2N∗/Q
2 become quite large forQ2 < 2.0 GeV2 namely
the LCSR turn out to be unreliable. Therefore, for GFFs,
we expect the LCSR to operate efficiently and effectively
in the 2.0 GeV2 ≤ Q2 ≤ 6.0 GeV2 region. In Fig. 3,
we present the Q2 dependency of the GFFs on the fixed
Borel mass parameter and continuum threshold and var-
ious values of the arbitrary mixing parameter t. We see
that GFFs smoothly vary in terms of Q2 as expected. We
also observe that the GFFs AN
∗
−N (Q2), JN
∗
−N (Q2) and
DN
∗
−N (Q2) are sensitive to the variations of the mixing
parameter t for both sets. The c¯N
∗
−N (Q2) form factor is
obtained using only the first set of the distribution am-
plitudes. The second set of the distribution amplitudes
give unphysical results for this form factor (the form fac-
tor changes its sign in the region under consideration),
therefore it is not presented.
To extend the behavior of GFFs to the region 0 ≤
Q2 < 2 we need to use some fit parametrizations. Our
numerical calculations show that the GFFs of the N∗ →
N transition can be properly characterized using the p-
pole fit function
F(Q2) =
F(0)(
1 +Q2/(pm2p)
)p . (20)
Our results for the fit parameters of the N∗ → N tran-
sition GFFs are presented in Table II. The results, ob-
tained by using two sets, are found to be quite different
from each other. As it can be see from the Table I, the
main difference between two sets of the distribution am-
plitudes is the numerical values for the shape parameters
η10 and η11, which are connected to the three quark wave
functions of the p-wave N∗ baryon. As a result we find
that the N∗ → N transition GFFs depend strongly to
the input parameters of the distribution amplitudes of
the N∗ baryon that parameterize the relative orbital an-
gular momentum of the quarks. There are no theoretical
predictions for the transition GFFs under study in the
literature to be compared with our results. The D(Q2)
GFF of the N∗ has recently been obtained by means of
the Bag model, D(Q2 = 0) = −12.97 [30]. Any future
experimental data will help us gain useful knowledge on
the DAs of the N∗ state and its nature and internal struc-
ture.
TABLE II: The obtained numerical results for the parameters of the GFFs by using the p-pole fit functions.
LCSR-1 LCSR-2
Form Factors F(0) mp(GeV) p F(0) mp(GeV) p
AN
∗
−N(Q2) 1.33 ± 0.13 1.30± 0.10 3.0− 3.4 0.63± 0.10 1.32 ± 0.10 3.0− 3.4
JN
∗
−N(Q2) 0.27 ± 0.07 1.13± 0.10 3.0− 3.4 0.13± 0.05 1.17 ± 0.11 2.9− 3.3
DN
∗
−N(Q2) −8.20± 2.02 1.14± 0.10 3.6− 4.0 −6.91± 1.80 1.02 ± 0.09 3.2− 3.6
c¯N
∗
−N (Q2) −0.40± 0.06 1.18± 0.10 3.0− 3.5 − − −
IV. SUMMARY AND CONCLUDING
REMARKS
We applied the quark part of the symmetric energy-
momentum tensor current to compute, for the first time,
the GFFs of the N(1535)→ N transition by the help of
the LCSR approach. Studying the GFFs of the particles
6give valuable knowledge about the total angular momen-
tum, spatial distribution of energy, pressure and shear
forces inside the particles, etc. In numerical analysis, we
used two different sets of shape parameters in the dis-
tribution amplitudes of the N(1535) state and took into
account the most general form of the nucleon’s interpo-
lating current. It is seen that the momentum squared
dependence of the gravitational form factors can be well
described by a p-pole fit function. The results obtained
by using two sets have been found to be quite differ-
ent from each other. We found that the values of the
N(1535) → N transition GFFs highly depend on the
input parameters of the distribution amplitudes of the
N(1535) state that parameterize relative orbital angular
momentum of the quarks. As we previously mentioned,
we calculated the N(1535)→ N transition GFFs for the
first time in the literature. Therefore, there are no exper-
imental data or theoretical predictions to be compared
with the results obtained in this study. Calculations of
the GFFs from different methods and approaches are of
great importance. Such calculations and comparison of
the obtained results with each other not only will help
us get useful information on the DAs of the N∗ state,
but also will help experimental groups in measuring the
values of the related GFFs.
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Appendix A: Distribution amplitudes of N∗ state
In this appendix, we present the explicit forms of N∗ DAs [53]:
4〈0
∣∣ǫabcuaα(a1x)dbβ(a2x)dcγ(a3x)∣∣N∗(p)〉
=S1mN∗CαβN
∗
γ − S2m
2
N∗Cαβ(/xN
∗)γ
+P1mN∗(γ5C)αβ(γ5N
∗)γ + P2m
2
N∗(γ5C)αβ(γ5/xN
∗)γ −
(
V1 +
x2m2N∗
4
VM1
)
(/pC)αβN
∗
γ
+V2mN∗(/pC)αβ(/xN
∗)γ + V3mN∗(γµC)αβ(γ
µN∗)γ − V4m
2
N∗(/xC)αβN
∗
γ
−V5m
2
N∗(γµC)αβ(iσ
µνxνN
∗)γ + V6m
3
N∗(/xC)αβ(/xN
∗)γ
−
(
A1 +
x2m2N∗
4
AM1
)
(/pγ5C)αβ(γN
∗)γ +A2mN∗(/pγ5C)αβ(/xγ5N
∗)γ +A3mN∗(γµγ5C)αβ(γ
µγ5N
∗)γ
−A4m
2
N∗(/xγ5C)αβ(γ5N
∗)γ −A5m
2
N∗(γµγ5C)αβ(iσ
µνxνγ5N
∗)γ +A6m
3
N∗(/xγ5C)αβ(/xγ5N
∗)γ
−
(
T1 +
x2m2N∗
4
T M1
)
(iσµνpνC)αβ(γ
µN∗)γ + T2mN∗(iσµνx
µpνC)αβN
∗
γ
+T3mN∗(σµνC)αβ(σ
µνN∗)γ + T4mN∗(σµνp
νC)αβ(σ
µρxρN
∗)γ
−T5m
2
N∗(iσµνx
νC)αβ(γ
µN∗)γ − T6m
2
N∗(iσµνx
µpνC)αβ(/xN
∗)γ
−T7m
2
N∗(σµνC)αβ(σ
µν/xN∗)γ + T8m
3
N∗(σµνx
νC)αβ(σ
µρxρN
∗)γ .
The calligraphic functions can be represented with respect to the functions of the specific twists as:
S1 =S1, 2p.xS2 = S1 − S2,
P1 =P1, 2p.xP2 = P1 − P2,
V1 =V1, 2p.xV2 = V1 − V2 − V3,
2V3 =V3, 4p.xV4 = −2V1 + V3 + V4 + 2V5,
4p.xV5 =V4 − V3, 4(p.x)
2V6 = −V1 + V2 + V3 + V4 + V5 − V6
A1 =A1, 2p.xA2 = −A1 +A2 −A3,
2A3 =A3, 4p.xA4 = −2A1 −A3 −A4 + 2A5,
4p.xA5 =A3 −A4, 4(p.x)
2A6 = A1 −A2 +A3 +A4 −A5 +A6
T1 =T1, 2p.xT2 = T1 + T2 − 2T3,
2T3 =T7, 2p.xT4 = T1 − T2 − 2T7,
2p.xT5 =− T1 + T5 + 2T8, 4(p.x)
2T6 = 2T2 − 2T3 − 2T4 + 2T5 + 2T7 + 2T8,
4p.xT7 =T7 − T8, 4(p.x)
2T8 = −T1 + T2 + T5 − T6 + 2T7 + 2T8,
7where Vi, Ai, Ti, Si and Pi are vector, axialvector, tensor, scalar and pesudoscalar distribution amplitudes, respectively.
The explicit expressions of these functions are given as follows
V1(xi, µ) = 120x1x2x3[φ
0
3(µ) + φ
+
3 (µ)(1 − 3x3)],
V2(xi, µ) = 24x1x2[φ
0
4(µ) + φ
+
4 (µ)(1 − 5x3)],
V3(xi, µ) = 12x3{ψ
0
4(µ)(1 − x3) + ψ
−
4 (µ)[x
2
1 + x
2
2 − x3(1− x3)]
+ψ+4 (µ)(1− x3 − 10x1x2)},
V4(xi, µ) = 3{ψ
0
5(µ)(1 − x3) + ψ
−
5 (µ)[2x1x2 − x3(1 − x3)]
+ψ+5 (µ)[1− x3 − 2(x
2
1 + x
2
2)]},
V5(xi, µ) = 6x3[φ
0
5(µ) + φ
+
5 (µ)(1− 2x3)],
V6(xi, µ) = 2[φ
0
6(µ) + φ
+
6 (µ)(1 − 3x3)],
A1(xi, µ) = 120x1x2x3φ
−
3 (µ)(x2 − x1),
A2(xi, µ) = 24x1x2φ
−
4 (µ)(x2 − x1),
A3(xi, µ) = 12x3(x2 − x1){(ψ
0
4(µ) + ψ
+
4 (µ)) + ψ
−
4 (µ)(1 − 2x3)},
A4(xi, µ) = 3(x2 − x1){−ψ
0
5(µ) + ψ
+
5 (µ)(1 − 2x3) + ψ
−
5 (µ)x3},
A5(xi, µ) = 6x3(x2 − x1)φ
−
5 (µ)
A6(xi, µ) = 2(x2 − x1)φ
−
6 (µ),
T1(xi, µ) = 120x1x2x3[φ
0
3(µ) +
1
2
(φ−3 − φ
+
3 )(µ)(1 − 3x3)],
T2(xi, µ) = 24x1x2[ξ
0
4(µ) + ξ
+
4 (µ)(1 − 5x3)],
T3(xi, µ) = 6x3{(ξ
0
4 + φ
0
4 + ψ
0
4)(µ)(1 − x3) + (ξ
−
4 + φ
−
4 − ψ
−
4 )(µ)[x
2
1 + x
2
2 − x3
(1− x3)] + (ξ
+
4 + φ
+
4 + ψ
+
4 )(µ)(1 − x3 − 10x1x2)},
T4(xi, µ) =
3
2
{(ξ05 + φ
0
5 + ψ
0
5)(µ)(1 − x3) + (ξ
−
5 + φ
−
5 − ψ
−
5 )(µ)[2x1x2 − x3(1− x3)]
+(ξ+5 + φ
+
5 + ψ
+
5 )(µ)(1 − x3 − 2(x
2
1 + x
2
2))},
T5(xi, µ) = 6x3[ξ
0
5(µ) + ξ
+
5 (µ)(1 − 2x3)],
T6(xi, µ) = 2[φ
0
6(µ) +
1
2
(φ−6 − φ
+
6 )(µ)(1 − 3x3)],
T7(xi, µ) = 6x3{(−ξ
0
4 + φ
0
4 + ψ
0
4)(µ)(1 − x3) + (−ξ
−
4 + φ
−
4 − ψ
−
4 )(µ)[x
2
1 + x
2
2
−x3(1− x3)](1 − x3)] + (−ξ
+
4 + φ
+
4 + ψ
+
4 )(µ)(1 − x3 − 10x1x2)},
T8(xi, µ) =
3
2
{(−ξ05 + φ
0
5 + ψ
0
5)(µ)(1 − x3) + (−ξ
−
5 + φ
−
5 − ψ
−
5 )(µ)[2x1x2 −
+x3(1− x3)](1 − x3)] + (−ξ
+
5 + φ
+
5 + ψ
+
5 )(µ)(1 − x3 − 2(x
2
1 + x
2
2))},
S1(xi, µ) = 6x3(x2 − x1)
[
(ξ04 + φ
0
4 + ψ
0
4 + ξ
+
4 + φ
+
4 + ψ
+
4 )(µ)
+(ξ−4 + φ
−
4 − ψ
−
4 )(µ)(1 − 2x3)
]
S2(xi, µ) =
3
2
(x2 − x1)
[
−
(
ψ05 + φ
0
5 + ξ
0
5
)
(µ) +
(
ξ−5 + φ
−
5 − ψ
−
5
)
(µ)x3
+
(
ξ+5 + φ
+
5 + ψ
0
5
)
(µ)(1 − 2x3)
]
P1(xi, µ) = 6x3(x2 − x1)
[
(ξ04 − φ
0
4 − ψ
0
4 + ξ
+
4 − φ
+
4 − ψ
+
4 )(µ)
+(ξ−4 − φ
−
4 + ψ
−
4 )(µ)(1 − 2x3)
]
P2(xi, µ) =
3
2
(x2 − x1)
[(
ψ05 + ψ
0
5 − ξ
0
5
)
(µ) +
(
ξ−5 − φ
−
5 + ψ
−
5
)
(µ)x3
+
(
ξ+5 − φ
+
5 − ψ
+
5
)
(µ)(1 − 2x3)
]
.
VM1 (x2) =
1−x2∫
0
dx1V
M
1 (x1, x2, 1− x1 − x2) =
x22
24
[
fN∗C
u
f (x2) + λ
N∗
1 C
u
λ (x2)
]
,
AM1 (x2) =
∫ 1−x2
0
dx1A
M
1 (x1, x2, 1− x1 − x2) =
x22
24
(1− x2)
3
[
fN∗D
u
f (x2) + λ
N∗
1 D
u
λ(x2)
]
,
T M1 (x2) =
∫ 1−x2
0
dx1T
M
1 (x1, x2, 1− x1 − x2) =
x2
48
[
fN∗E
u
f (x2) + λ
N∗
1 E
u
λ(x2)
]
.
8The subsequent functions are come across to the above DAs and they can be parameterized with respect to the
independent parameters, such as fN∗ , λ1, λ2, f
u
1 , f
d
1 , f
d
2 , A
u
1 and V
d
1 :
φ03 = φ
0
6 = fN∗
φ04 = φ
0
5 =
1
2
(fN∗ + λ
N∗
1 )
ξ04 = ξ
0
5 =
1
6
λN
∗
2
ψ04 = ψ
0
5 =
1
2
(fN∗ − λ
N∗
1 ),
φ−3 =
21
2
fN∗A
u
1 , φ
+
3 =
7
2
fN∗(1− V
d
1 ),
φ+4 =
1
4
[
fN∗(3− 10V
d
1 ) + λ
N∗
1 (3− 10f
d
1 )
]
,
φ−4 = −
5
4
[
fN∗(1− 2A
u
1 )− λ
N∗
1 (1− 2f
d
1 − 4f
u
1 )
]
,
ψ+4 = −
1
4
[
fN∗(2 + 5A
u
1 − 5V
d
1 )− λ
N∗
1 (2 − 5f
d
1 − 5f
u
1 )
]
,
ψ−4 =
5
4
[
fN∗(2−A
u
1 − 3V
d
1 )− λ
N∗
1 (2− 7f
d
1 + f
u
1 )
]
,
ξ+4 =
1
16
λN
∗
2 (4− 15f
d
2 ),
ξ−4 =
5
16
λN
∗
2 (4− 15f
d
2 ),
φ+5 = −
5
6
[
fN∗(3 + 4V
d
1 )− λ
N∗
1 (1− 4f
d
1 )
]
,
φ−5 = −
5
3
[
fN∗(1− 2A
u
1 )− λ
N∗
1 (f
d
1 − f
u
1 )
]
,
ψ+5 = −
5
6
[
fN∗(5 + 2A
u
1 − 2V
d
1 )− λ
N∗
1 (1 − 2f
d
1 − 2f
u
1 )
]
,
ψ−5 =
5
3
[
fN∗(2−A
u
1 − 3V
d
1 ) + λ
N∗
1 (f
d
1 − f
u
1 )
]
,
ξ+5 =
5
36
λN
∗
2 (2− 9f
d
2 ) ,
ξ−5 = −
5
4
λN
∗
2 f
d
2 ,
φ+6 =
1
2
[
fN∗(1− 4V
d
1 )− λ
N∗
1 (1 − 2f
d
1 )
]
,
φ−6 =
1
2
[
fN∗(1 + 4A
d
1) + λ
N∗
1 (1− 4f
d
1 − 2f
u
1 )
]
,
Cuf (x2) = (1− x2)
3
[
113 + 495x2 − 552x
2
2 − 10A
u
1 (1− 3x2) + 2V
d
1 (113− 951x2 + 828x
2
2)
]
,
Cuλ (x2) = −(1− x2)
3
[
13− 20fd1 + 3x2 + 10f
u
1 (1−3x2)
]
.
Duf (x2) = 11 + 45x2 − 2A
u
1 (113− 951x2 + 828x
2
2) + 10V
d
1 (1− 30x2) ,
Duλ(x2) = 29− 45x2 − 10f
u
1 (7− 9x2)− 20f
d
1 (5− 6x2) .
Euf (x2) = −
{
(1 − x2)
[
3(439 + 71x2 − 621x
2
2 + 587x
3
2 − 184x
4
2) + 4A
u
1 (1− x2)
2(59− 483x2 + 414x
2
2)
− 4V d1 (1301− 619x2 − 769x
2
2 + 1161x
3
2 − 414x
4
2)
]}
− 12(73− 220V d1 ) ln[x2] ,
Euλ(x2) = −
{
(1 − x2)
[
5− 211x2 + 281x
2
2 − 111x
3
2 + 10(1 + 61x2 − 83x
2
2 + 33x
3
2)f
d
1
− 40(1− x2)
2(2− 3x2)f
u
1
]}
− 12(3− 10fd1 ) ln[x2],
9where the parameters Au1 , V
d
1 , f
d
1 , f
u
1 , and f
d
2 are defined as [53]
Au1 = ϕ10 + ϕ11 ,
V d1 =
1
3
− ϕ10 +
1
3
ϕ11 ,
fu1 =
1
10
−
1
6
fN∗
λN
∗
1
−
3
5
η10 −
1
3
η11 ,
fd1 =
3
10
−
1
6
fN∗
λN
∗
1
+
1
5
η10 −
1
3
η11 ,
fd2 =
4
15
+
2
5
ξ10 .
Appendix B: Explicit forms of the functions Πi for the N
∗ → N transition
ΠQCD1 (Q
2) =
mN∗
2
∫ 1
0
x22 dx2
(q − px2)2
∫ 1−x2
0
dx1
[
3(1− t)[−A3 − V3] + (1 + t)[P1 + S1 + T1 − T7]
]
(x1, x2, 1− x1 − x2)
+
mN∗
2
∫ 1
0
x23 dx3
(q − px3)2
∫ 1−x3
0
dx3
[
(1− t)[−A3 − V3] + (1 + t)[P1 + S1 + T1 − T7]
]
(x1, 1− x1 − x3, x3)
+
m3N∗
2
∫ 1
0
x22 dx2
(q − px2)4
∫ 1−x2
0
dx1
[
2(1− t)[2AM1 + V
M
1 ] + 3 (1 + t)T
M
1
]
(x1, x2, 1− x1 − x2)
+
mN∗
2
∫ 1
0
αdα
(q − pα)2
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1− t)[−3A1 + 3A2 − 3A3 + V1 − V2 − V3]
+ (1 + t)[5T1 − T2 − 3T3 − 7T7]
]
(x1, x2, 1− x1 − x2)
+
mN∗
2
∫ 1
0
αdα
(q − pα)2
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1 + t)[3T1 + T2 − 2T3 − T7]
]
(x1, 1− x1 − x3, x3)
+
m3N∗
2
∫ 1
0
α3 dα
(q − pα)4
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1− t)[−3A1 +A2 − 2A3 +A4 + 2A5 + V1 − V2 − 2V3 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + 2T1 − 3T2 + 2T3 − T5 − 6T7]
]
(x1, x2, 1− x1 − x2)
+
m3N∗
2
∫ 1
0
α3 dα
(q − pα)4
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1− t)[−A1 +A2 − 2A3 +A4 + V1 − V2 − V3 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + 2T1 − 3T2 + 2T3 − T5 − 6T7]
]
(x1, 1− x1 − x3, x3)
+
m3N∗
2
∫ 1
0
β2 dβ
(q − pβ)4
∫ β
0
dα
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
2(1− t)[−2A1 + 2A2 − 2A3 − 2A4 + 2A5 − 2A6
+ V1 − V2 − V3 − V4 − V5 + V6] + (1 + t)[7T1 − 2T2 − 5T3 − 5T4 − 2T5 + 7T6 − 9T7
− 9T8]
]
(x1, x2, 1− x1 − x2)
+
m3N∗
2
∫ 1
0
β2 dβ
(q − pβ)4
∫ β
0
dα
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1 + t)[2T1 + T2 − 3T3 − 3T4 + T5 + T6 − T7
− T8]
]
(x1, 1− x1 − x3, x3), (21)
ΠQCD2 (Q
2) = −
1
2
∫ 1
0
1
(q − px2)2
dx2
∫ 1−x2
0
dx1
[
(1− t)[A1 + V1]
]
(x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
1
(q − px2)4
dx2
∫ 1−x2
0
dx1
[
3(1− t)[AM1 + V
M
1 ]
]
(x1, x2, 1− x1 − x2)
10
+
m2N∗
2
∫ 1
0
α2 dα
(q − pα)4
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1− t)[−A1 −A2 −A3 +A4 +A5 − V1 + V2 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + T2 − T5]
]
(x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
α2 dα
(q − pα)4
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1− t)[A1 −A2 +A4 − V1 + V2 + V4] + (1 + t)[P1 − P2 + S1
− S2 + T2 − T5]
]
(x1, 1− x1 − x3, x3)
+
m2N∗
2
∫ 1
0
β dβ
(q − pβ)4
∫ β
0
dα
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1 + t)[T2 − T3 − T4 + T5 + T7 + T8]
]
× (x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
β dβ
(q − pβ)4
∫ β
0
dα
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1 + t)[T2 − T3 − T4 + T5 + T7 + T8]
]
× (x1, 1− x1 − x3, x3), (22)
ΠQCD3 (Q
2) =
1
2
∫ 1
0
dx2
(1− x2)
(q − px2)2
∫ 1−x2
0
[
(1− t)[A1 + V1](x1, x2, 1− x1 − x2)
+
1
2
∫ 1
0
dx3
(1 − x3)
(q − px3)2
∫ 1−x3
0
[
(1 − t)[A1 − V1](x1, 1− x1 − x3, x3)
+
1
2
∫ 1
0
dx2
(1 − x2)
(q − px2)4
∫ 1−x2
0
[
(1 − t)[3VM1 + 3A
M
1 ](x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
dα
(q − pα)4
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1− t)[−A1 −A2 − 2A3 +A4 + 2A5 − V1 + V2 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + T2 − T5]
]
(x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
dα
(q − pα)4
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1− t)[−A1 −A2 +A4 − V1 + V2 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + T2 − T5]
]
(x1, 1− x1 − x3, x3))
+
m2N∗
2
∫ 1
0
α(1 − α)
(q − pα)4
dα
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
2(1− t)[−A1 −A2 − 2A3 +A4 + 2A5 − V1 + V2 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 + T2 − T5]
]
(x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
α(1 − α)
(q − pα)4
dα
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
(1− t)[A1 −A2 +A4 − V1 + V2 + V4]
+ (1 + t)[P1 − P2 + S1 − S2 − T2 − T5]
]
(x1, 1− x1 − x3, x3),
+
m2N∗
2
∫ 1
0
(1 + β)
(q − pβ)4
dβ
∫ β
0
dα
∫ 1
α
dx2
∫ 1−x2
0
dx1(1 + t)[T2 − T3 − T4 + T5 + T7 + T8]
× (x1, x2, 1− x1 − x2)
+
m2N∗
2
∫ 1
0
(1 + β)
(q − pβ)4
dβ
∫ β
0
dα
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
3(1 + t)[T2 − T3 − T4 + T5 + T7 + T8]
× (x1, 1− x1 − x3, x3), (23)
ΠQCD4 (Q
2) =
m3N∗
2
∫ 1
0
dx2
(p− px2)2
∫ 1−x2
0
(1 + t)TM1 (x1, x2, 1− x1 − x2)
+
m3N∗
8
∫ 1
0
αdα
(q − pα)2
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
(1− t)[−2A1 − 2A2 − 3A3 +A4 + 4A5 − 2V1 + 2V2 − V3
+ 3V4] + (1 + t)[2P1 − 2P2 + 2S1 − 2S2 − T1 + T2 + 4T3 − 4T5 − 2T7]
]
(x1, x2, 1− x1 − x2)
11
+
m3N∗
8
∫ 1
0
α dα
(q − pα)2
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
− 2A1 + 2A2 − 3A3 +A4 + 2V1 − 2V2 − 3V3 + V4]
+ (1 + t)[2P1 − 2P2 + 2S1 − 2S2 + T1 − T2 − 3T5 − T7]
]
(x1, 1− x1 − x3, x3)
+
m3N∗
8
∫ 1
0
dβ
(q − pβ)2
∫ β
0
dα
∫ 1
α
dx2
∫ 1−x2
0
dx1
[
4 (1− t)[−A1 +A2 −A3 −A4 +A5 −A6 − V1 + V2 + V3
+ V4 + V5 − V6] + (1 + t)[T1 − T2 − T5 + T6 − 2T7 − 2T8]
]
(x1, x2, 1− x1 − x2)
+
m3N∗
8
∫ 1
0
dβ
(q − pβ)2
∫ β
0
dα
∫ 1
α
dx3
∫ 1−x3
0
dx1
[
3(1 + t)[T1 − T2 − T5 + T6 − 2T7
− 2T8]
]
(x1, 1− x1 − x3, x3), (24)
As we noticed previously, in QCD side, we start the calculations in x-space then transfer them to the momentum
space by performing the corresponding fourier integrals. To eliminate the unwanted contributions coming from the
excited and continuum states in the correlation function, we carry out the Borel transformation. After the Borel
transformation, the contribution of the unwanted terms are exponentially suppressed. We also apply the continuum
subtraction procedure. The Borel transformation and continuum subtraction are performed using the subsequent
rules [39]:
∫
dz
ρ(z)
Θ2
→−
∫ 1
x0
dz
z
ρ(z)e−s(z)/M
2
,
∫
dz
ρ(z)
Θ4
→
1
M2
∫ 1
x0
dx
z2
ρ(z)e−s(z)/M
2
+
ρ(x0)
Q2 + x20m
2
N∗
e−s0/M
2
,
where,
Θ =q − zp,
s(z) =(1− z)m2N∗ +
1− z
z
Q2,
x0 =
(√
(Q2 + s0 −m2N∗)
2 + 4m2N∗Q
2 − (Q2 + s0 −m
2
N∗)
)
/2m2N∗ .
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FIG. 1: The dependence of the the GFFs of N∗ → N transition on Borel mass parameter M2 at Q2 = 2.0 GeV2 and various
values of continuum threshold s0 and arbitrary mixing parameter t at their working region: (a), (c), (e) and (g) for the LCSR-1;
(b), (d) and (f) for the LCSR-2.
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FIG. 3: The dependence of the GFFs of N∗ → N transition on Q2 at M2 = 2.75 GeV2, s0 = 2.75 GeV
2 and various values of
arbitrary mixing parameter t: (a), (c), (e) and (g) for the LCSR-1; (b), (d) and (f) for the LCSR-2.
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